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In this talk I want to address the question of how the meaning of proofs can be determined

from the viewpoint of proof-theoretic semantics (PTS) and how different (kinds of) proof sys-

tems relate to each other in such a context. The origins of PTS lie in the question of what

constitutes the meaning of the logical connectives and its response: the rules of inference that

govern the use of the connective. However, what if we go a step further and ask about the

meaning of a proof as a whole? From a PTS point of view it seems a sensible approach to base

the meaning of a proof on the rules it contains. This has been suggested by e.g. Tranchini

(2016), who devises a distinction between the sense and on the other hand the denotation of

proofs in natural deduction systems. He argues that a proof has sense iff it is constituted by

applications of correct inference rules and specifies in a second step what makes up correct

inference rules.

This promising approach can be extended by two questions: Tranchini’s criterion allows us

to determine whether or not a proof has sense, but it does not go further into the explanation

of what this exactly means. So it can firstly be asked what the sense of a proof actually consists

of. Asking this question also means to dive into the question whether similar distinctions as

Frege’s (1948) in the case of singular terms or sentences are possible for proofs, e.g. if we can

distinguish a mere syntactic divergence from a divergence in meaning. There can be different

ways to go from the same premises to the same conclusion, not only in different proof systems

(natural deduction systems and sequent calculi are considered here) but also within one system.

The focus has been so far on normal vs. non-normal derivations in natural deduction (ND)

and cut-free derivations vs. derivations containing an application of the cut rule in sequent

calculus (SC). However, another aspect in which we can get two different derivations from

the same premises to the same conclusion is that the order in which the rules are applied is

changed. In ND this always leads to an essentially different proof, whereas in SC sometimes

it only changes the way the inference proceeds (the sense), while the underlying proof stays

the same (the denotation). So the question is: How can we determine, when we have two

(syntactically) different derivations, whether this leads to a difference, firstly, in sense and,

secondly, in denotation?

The second question would then be, whether there are differences in determining the sense of

proofs for different calculi (in this case: natural deduction vs. sequent calculi). There is a general

preference in PTS to work with natural deduction systems rather than with systems of sequent

calculus. As has been pointed out by some authors (e.g. Kremer (1988), Schroeder-Heister

(2009 and 2012), Wansing (2000)), though, working in a sequent calculus could have possible

advantages and undoubtedly it raises different questions than working in natural deduction.

I will argue that the distinction between sense and denotation can be made explicit by using

λ-terms to encode the derivations. If the distinction between sense and denotation is mentioned



at all in the context of proofs the case of non-normal terms is focused on. As usual, the term

annotating the formula to be proven is taken to refer to the denotation of the derivation, the

proof object. A non-normal term which is reducible to normal form is seen to differ from the

term in normal form in sense, but not in denotation. By focusing on the change of order of rule

applications I want to propose a more fine-grained criterion to distinguish sense and denotation

of proofs than the aforementioned. I take the sense of a proof to consist of the set of terms

occurring within it. With this criterion I will show that we can construct analogous cases

for proofs like the ones Frege had in mind for singular terms and sentences. By using term-

annotated proof systems we can show why some changes in rule applications lead to different

proofs in SC, i.e. annotated by a completely different term, and why other changes only lead

to a difference in sense. So there can be derivations which differ in sense but have the same

denotation, just as Frege’s famous “morning star - evening star” example. The underlying proof

is essentially the same, but the way it is given to us, the way of inference differs. This becomes

evident when examining the set of terms occurring within the derivations: they end up building

the same term but the way it is built differs, i.e. the sense is different. This can happen in one

proof system but also over different kinds of proofs systems due to the possibility to construct

corresponding proofs between ND and SC.

Another case that Frege discusses is that of differing signs which do not lead to a difference

in sense or denotation, though. This is the case when the grammatical difference, e.g. is

too inessential as to lead to a difference in the “mode of presentation” (Frege (1948): 210).

Examples for this would be “Frege’s brother” vs. “the brother of Frege” for singular terms or

a change of a sentence from active to passive mode. This distinction is also possible within my

proposed system, i.e. there can be derivations where there is a difference in the signs contained

in the derivation, but no difference in sense or denotation. With this case I can show that my

proposed criterion to use for the sense of a proof is not too fine-grained on the other hand so

that signs and sense would automatically fall together.

The context in which Frege worked out his sense-and-denotation-analysis was his interest in

questions on identity. Similarly, we can use this analysis to examine questions on proof identity,

namely when two derivations are identical within one proof system or also between (kinds of)

systems.

References

Frege, Gottlob (1948): “Sense and Reference”, The Philosophical Review 57(3), 209-230.

Kremer, Michael (1988): “Logic and Meaning: The Philosophical Significance of the Sequent Calculus”,

Mind 97(385):50?2.

Schroeder-Heister, Peter (2009): “Sequent Calculi and Bidirectional Natural Deduction: On the Proper
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