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Abstract

In 1983, Valentini presented a syntactic proof of cut-elimination for a sequent calculus
for the provability logic GL, where the sequents are built from sets. In 2008, Goré and
Ramanayake adapted this proof in order to prove cut-elimination for a multiset sequent
calculus for GL. This paper presents a syntactic proof of cut-elimination for a multiset
sequent calculus without structural rules for intuitionistic provability logic.

The classical provability logic GL is obtained by adding Gödel-Löb’s axiom 2(2A → A) → 2A
to a standard Hilbert calculus for classical propositional normal modal logic K. In this logic,
we read 2A as ‘A is provable’. In sequent style, GL is obtained by adding the modal rule

2Γ,Γ,2A ⇒ A
GLR

Π,2Γ ⇒ ∆,2A

to a sequent calculus for classical propositional logic, such as G3cp in [6]. Classically, sequents
are expressions of the form Γ ⇒ ∆, where Γ,∆ are (multi)sets.

Intuitionistic provability logic is given by a standard Hilbert system for intuitionistic propo-
sitional logic to which Löb’s axiom is added. Here we study the multiset sequent calculus for
intuitionistic propositional logic G3ip [6] together with the GLR rule, denoted by G3ip+GLR.
In intuitionistic sequent calculi, the right side of the sequents consists of only one formula. So the
conclusion of GLR reads as Π,2Γ ⇒ 2A. We obtain the cut-elimination result for G3ip+GLR,
which implies that it corresponds to the Hilbert system for intuitionistic provability logic.

1 Main Idea

The calculus G3ip+GLR has no explicit structural rules, but weakening and contraction are
admissible in it. Here we present a sketch of a syntactic proof of the admissibility of the
multiplicative cut rule.

Theorem 1.1 (Cut-elimination). The multiplicative cut rule is admissible in G3ip+GLR.

The proof is based on the works of Valentini [7] and Goré and Ramanayake [3]. Both con-
sider sequent calculi for classical GL in which, in contrast to our system, the structural rules
are explicitly contained. Valentini considers sequents built from sets, whereas Goré and Ra-
manayake adapted his proof to multisets. The use of multisets instead of sets means that we
have to take into account contraction. Valentini’s proof cannot be generalized in a straight-
forward way for multiset calculi in which the structural rules are included in the system itself.
We will see that Valentini’s strategy is sufficient for G3ip+GLR, because it is a system without
explicit contraction, which is admissible in it.

A well-known method to establish the cut-elimination theorem is to transform topmost cuts
of the form

Γ ⇒ D D,∆ ⇒ C
cut

Γ,∆ ⇒ C
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into cut-free derivations with the same end-sequent. Standard is to use a double induction on
the degree of the cut-formula and the height of the cut.

However, for provability logic, this is not sufficient. Therefore Valentini introduces a third
induction parameter called width which is computed ‘globally’. The notion of width is computed
on the basis of formulas in the left hand side of sequents and is independent of the right hand
side. This observation helps us to apply this method to the intuitionistic system G3ip+GLR.
It is possible to reconstruct Valentini’s proof, only applying contraction to cut-free derivations,
without affecting the induction.

A third induction value is necessary when we encounter the following problem: consider a
cut where both premises are derived from the GLR rule and the cut-formula is principal in both
sides:

Σl

2Γ,Γ,2B ⇒ B
GLR

Πl,2Γ ⇒ 2B

Σr

2B,B,2∆,∆,2C ⇒ C
GLR

Πr,2B,2∆ ⇒ 2C
cut(2B)

Πl,Πr,2Γ,2∆ ⇒ 2C

A reasonable thing to do is, (where contraction is only possible for cut-free sub-derivations):

Σl

2Γ,Γ,2B ⇒ B

2Γ ⇒ 2B

Σl

2Γ,Γ,2B ⇒ B
cut1

2Γ,2Γ,Γ ⇒ B
‘contraction’

2Γ,Γ ⇒ B

Σl

2Γ,Γ,2B ⇒ B

2Γ ⇒ 2B

Σr

2B,B,2∆,∆,2C ⇒ C
cut

B,2Γ,2∆,∆,2C ⇒ C
cut

2Γ,2Γ,Γ,2∆,∆,2C ⇒ C
‘contraction’

2Γ,Γ,2∆,∆,2C ⇒ C
GLR

Πl,Πr,2Γ,2∆ ⇒ 2C

But here, it is not possible to eliminate cut1, when using the ‘standard’ induction. The width
circumvents the problem, because it enables us to define a derivation of 2Γ,Γ ⇒ B in which
each application of the cut rule can be eliminated. Informally, the width is the number of GLR
rules in the left premise of the cut in which the cut-formula is not introduced by weakening.

2 Conclusion and Future Research

The cut-elimination theorem implies several results, such as the subformula property. By the
subformula property, we can conclude that intuitionistic provability logic is conservative over
IPC, which means that no new propositional tautologies can be derived. Moreover, G3ip+GLR
corresponds to the Hilbert system for intuitionistic provability logic, that is, sequent ( ⇒ C) is
derivable in G3ip+GLR if and only if formula C is derivable in the Hilbert calculus.

Our result is proved syntactically. It would be interesting to look for a semantic proof. In [1],
Avron establishes a semantic approach for classical GL by constructing an irreflexive, transitive,
conversely well-founded Kripke model in which each sequent with no cut-free proof is refuted.
Interestingly, this cannot be easily adapted to G3ip+GLR, because the construction relies on
the right sight of the sequents, which must have one formula in an intuitionistic setting. It
would be interesting to investigate whether it is possible to adapt this approach to our setting.

The result in this abstract leads to various interesting questions for future work. First,
the presented induction enlarges the proof size enormously, which makes it interesting to look
at the complexity. Furthermore, calculus G3ip+GLR is not terminating. Terminating calculi
are important in the research of (uniform) interpolation [5]. Based on terminating results of
Dyckhoff [2] and Hudelmaier [4], we would like to develop a terminating calculus for intuitionistic
provability logic and apply Valentini’s method to prove that it is closed under cut-elimination.
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[3] Rajeev Goré and Revantha Ramanayake. Valentini’s cut-elimination for provability logic resolved.
The Review of Symbolic Logic, 5(2):6786, 2008.

[4] Jörg Hudelmaier. An O(n log n)-space decision procedure for intuitionistic propositional logic. J.
Log. Comput., 3:63–75, 1993.

[5] Rosalie Iemhoff. Uniform interpolation and sequent calculi in modal logic. Accepted for publication
in Archive for Mathematical Logic.

[6] A.S. Troelstra and H. Schwichtenberg. Basic Proof Theory. Cambridge Tracts in Theoretical
Computer Science. Cambridge University Press, 2000.

[7] Silvio Valentini. The modal logic of provability: Cut-elimination. Journal of Philosophical Logic,
12(4):471–476, Nov 1983.

3


	Main Idea
	Conclusion and Future Research

