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Single-elimination tournaments consist of a number of players seeded in a certain way.
Then, in each round they compete in pairs with the winner advancing. The competition goes
on until only one player, the winner, remains. Single-elimination tournaments have attracted
growing attention in the recent artificial intelligence literature. Their applicability is natural
in many circumstances, such as sports, with tennis competitions, for example, organized as a
tournament of this type. Further, tournaments have been used as a social choice method (see,
e.g. Williams, 2016). Recently, algorithmic aspects of strategic construction of tournaments
have been intensively studied (e.g Williams, 2010; Aziz et al., 2014; Kim, Suksompong, &
Williams, 2017). For instance, it is known that finding a seeding guaranteeing that a chosen
player wins is the winner of the tournament is NP-complete (Aziz et al., 2014).

We consider a natural extension of the single-elimination tournaments setting. In this
paper we assume that the competition does not take place between particular players, but
between teams. Each of them can select a single representative which is going to compete in
the tournament. But then, how can teams decide whom should they choose? This depends
on the choices of the other teams. We provide a game theoretical analysis of this problem,
adapting classical solution concepts (Nash equilibrium and dominant strategy equilibrium) to
the discussed setting. Providing a number of complexity results, we show how hard is it to
verify if a strategy satisfies the conditions of particular concepts, and how difficult is it to find
a solution if it exists. We study two types of coalitional tournaments: in the first, teams choose
one player for the entire tournament. In the second, teams are allowed to choose a different
player at each round. Then, we consider two types of utilities: first, we study teams who are
only interested in winning the tournament. Then, we study teams who strive to advance as
high as possible.

Formally, a single-elimination tournament is based on a set, P , of n players and a directed
graph, D, representing the results of all pairwise contests between them. So, for every pair of
players, it is specified which of them would win if they were competing against each other. This
is specified as an arc in the graph. If player p1 is linked to p2 in D, we say that p1 beats p2.
Further, we consider a binary tree with n leafs and a seeding function π : L → P , where L is
the set of leafs. Then, we define winners at nodes of the tree recursively: for any leaf l, winner
of l amounts to π(l). Further, for every non-terminal node l, the winner at l is the winner
at l’s child which beats the winner at it’s sibling. The winner of the root of the tree is the
winner of the tournament. We call each layer of the tournament tree a round. In the considered
coalitional setting, players are divided into teams. Every team can select a representative which
will take part in the tournament. Each coalition is then assigned a leaf of the tournament tree
in which their chosen player will be seeded. In the static setting, a strategy of a given team is
simply a choice of one player.

We can consider two types of games based on the understanding of utilities which teams
might receive. Firstly, we will focus on teams only interested in winning the tournament -
calling this type of utilities a win/lose scenario. Then, we will consider teams interested in
getting to the highest possible round - referring to this type of a game as the beyond win/lose
scenario.
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Figure 1: A coalitional knockout tournament with four coalitions.

In this static setting, a Nash equilibrium is a set s = {p1, . . . , pl} of players chosen by
teams such that no team Ci losing under s can win by switching their player to p′i. In the
beyond win/lose scenario a Nash equilibrium is a set of selected players such that no team can
get to a higher round by switching their choice. It is worth noting that Nash equilibria are
not guaranteed to exist. Further, a dominant strategy equilibrium (DSE) is a set of players
s = {p1, . . . , pl} such that for any pi ∈ s and any set of players s′ = {p′1, . . . , p′l}, if p′i is the
winner of the tournament under s′, pi would win under the choice set s′ where p′i is replaced by
pi. In the beyond win/lose scenario, a strategy is a DSE if replacing p′i by pi would result in Ci

reaching at least the same round. As we have shown, every DSE is a Nash equilibrium for both
types of utilities. We have provided a polynomial algorithm checking if a selection of players is a
Nash equilibrium for both considered definitions of utilities. We have also shown that checking
if a strategy is a DSE is polynomial in both cases. Moreover, as we have illustrated, a DSE can
be found in polynomial time if it exists, both in win/lose and beyond win/lose scenario. We
provided quasi-polynomial time algorithms for finding a Nash equilibrium if it exists for both
types of utility.

Further, we considered the dynamic scenario in which teams can select players at every
round of the tournament. Then, a strategy of a team Ci is a function σi : C → Ci, where C
is the set of all teams. Intuitively, a team can decide which player to choose if it encounters
a given team in a pairwise contest. Notice that a strategy of a coalition specifies a choice
of a player for any opposing coalition and hence it does not require taking the stage of the
tournament into account. Then, a strategy profile is a set σ = {σ1, . . . , σl}, where σi is the
strategy of the coalition Ci. The considered solution concepts, Nash equilibrium and DSE, are
natural modifications of the concepts defined in the static setting for both types of considered
utilities. As in the static case, we have shown that in the dynamic scenario each DSE is a NE.
This holds for both types of utilities. In this setting we have shown that for both types of
utilities, checking if a strategy profile is a Nash equilibrium is polynomial. The same holds for
DSE. Also, we provided polynomial time algorithms providing a DSE if it exists for both types
of utilities. We have further shown that that finding a Nash equilibrium is polynomial in the
beyond win/lose scenario, and quasi-polynomial in the win/lose scenario.

In the proposed paper we provide a natural modification of the well studied single-elimination
tournament setting. Analyzing the algorithmic aspects of finding good strategies for teams par-
ticipating in coalitional tournaments, we showed that for the majority of considered conditions
it is not computationally demanding. The provided results leave a vast room for further re-
search. An interesting algorithmic question would be how difficult is it to determine if for a
given round-robin tournament there is a seeding under which particular solution concepts exists.
Further, it would be of high interest to apply the study of optimal nominations of candidates
by political parties in tournament based voting methods.
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