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1 Introduction
As it is well known, the formal system of Frege’s Grundgesetze is augmented by a crucial non logical
axiom, Basic Law V:

(
–
εF(ε) =

–
εG(ε))←→∀x(Fx↔ Gx),

wherein –
εF(ε) is the value range of the concept F . Basic Law V states that for all F and G, the value

range of F is the same as the value range of G if and only if F and G are coexstensive. However, Basic
Law V is inconsistent with a full impredicative comprehension schema:

∃X∀x(Xx←→ ϕ(x)),

wherein, ϕ(x) does not contain X free. It is easy to show the Russell paradox –x(x /∈ x) is a relevant
instance of impredicative comprehension: ∃X∀x(Xx↔∃X [x = –y(Xy)∧¬Xy].
In recent years, HECK [5] and FERREIRA & WEHMEIER [2] have pointed out that Basic Law V is con-
sistent with some predicative restriction. However, they have succeeded to recover at most Robinson’s
Q. On the other hand, an impredicative approach was extensively analysed by BURGESS [1] and, re-
cently, by FERREIRA [3]. Nevertheless, also Ferreira employs a syntactical approach based on concepts
predicatively defined. Contrary to any syntactical restriction, my purpose is to employ a semantical
approach where both Basic Law V and the Comprehension Schema won’t be syntactically restricted. In
order to retain the consistency, I shall employ a model based on some properties of posets.

2 Outline of the theory

2.1 Syntax
I shall consider a second order language L2K plus identity with a sort of first order variables (or
objects), x,y,z, . . . , and a sort of second-order variables (or concepts): F,G,H, . . . In agreement with
Frege’s Grundgesetze, the theory is augmented with a unary function symbol ε that attaching to second-
order variables Fx yields a first-order term, i.e. VR-term, εFx. Let me call this theory TK . The theory
employs a full impredicative comprehension schema:

CA: ∃X∀x(Xx←→ ϕ(x)),

wherein ϕ(x) is a metavariable for any L2K formulas and ϕ(x) does not contain X free. There is not
syntactical restriction on CA. TK is augmented by an axiomatic form of Basic Law V:

BLV: ∀F∀G[εF(x) = εG(x)←→∀x(F(x)↔ G(x))],

wherein εF(x) and εG(x) are any L2K variable. According to my semantical approach, also BLV has
not syntactical restriction.
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2.2 Semantics
In order to build-up a model U for TK , firstly, I shall fix an interpretation of L2K symbols over a
structure M defined as follows: let M = 〈D ,⊆〉 be a poset where D = P(ω) and ⊆ is a relation,
reflexive, antisymmetric and transitive over D .
Let ϑ be a metavariable for any second-order variable, or concept, M1 be the first-order domain, M2 the
second-order domain and V the Universe. The triple (E ,A −,A c) interprets ϑ , where E (ϑ)⊆M1 is the
extension of the concept, namely, all those objects that fall under ϑ ; A −(ϑ) ⊆M1 is the relative anti-
extension of the concept where, A − := ¬ϑ , namely, all those objects that do not fall under ϑ ; A c :=
V −E (ϑ)∪A −(ϑ) is the absolute anti-extension of ϑ . Consequently, A − 6= A c are, indeed, always
distinct, A − is not a subset of A c, except for the universal concept x = x; E ∩A − = /0; E ∩A c = /0
and,

⋃
E ,A −,A c = P(ω).

The function π : P(ω)→ M1 interprets the abstraction operator ε . However, BLV does not delivers
always admissible extensions. Given a characteristic function χ(x) any time defined for a particular
concept ϑ , I call admissible VR-terms those objects that χ(x) = 1 for an x ∈ E (ϑ) or χ(x) = 0 for
an x ∈ A −(ϑ). I call unadmissible VR-terms all other objects x ∈ Ac wherein, if ∃x,x ∈ {E ∩A −}
then x ∈ A c, namely, if there is an object that falls under E ∩A −, such object will be in A c and his
extension will be unadmissible. In agreement with the full-impredicative view, the quantification in CA
is unrestricted: U |= ∀Fn(Fx) if U |= Fnx for all Fn ∈M2 and U |= ∃X(Xx) if U |= Xnx for some Xn ∈M2.
Secondly, let me sketch a hierarchy S of temporary interpretation of ϑ based on the triple (E ,A −,A c).
Only at the limit stage of this hierarchy, the extension and the relative anti-extension of ϑ will be fixed,
namely, ϑ has the corresponding extension (admissible VR-term). On the contrary, whether there is an
object that falls in E ∩A −, the corresponding extension will be an unadmissible VR-term.
It is now clear how this semantical approach manages to retain the consistency. Moreover, for the
sake of clarity, I have to show how the Russell Paradox is blocked. Let me assume that the function
π : R→ {R}, delivers to R his extension {R}. However, {R} ∈ {E (R)∪A −(R)}: R is an unadmissible
VR-term because ∃x,x ∈A c(R). Thus, if I consider the Russelian istance R{R}↔¬R{R}, the paradox
is blocked from left to right: U 6|= {R}.
Finally, I have to show how TK results strong enough to recover Second-Order Peano-Dedekind axioms.
To do this, I have to define over M a monotone unary function φ order-preserving. According to
MOSCHOVAKIS [6], φ has least fixed point property. In agreement with FREGE [4]’s definition, I shall
apply φ to N(x), the concept of natural number, in order to show how N(x) is in the least fixed point of
φ . I may form the concept N(x) := Pred+(0,x) because only with a predicative fragment I have at least
Dedekind-infinitely many M1 individuals that fall under it. If Pred+(0,x) = ∃F∃u(Fu∧ y = #F ∧ x =
#[λ z.Fz∧ z 6= u]), it easy to show that applying φ to F , F is in the least fixed point of φ .
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