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Background

The principle of mathematical induction has been studied systematically since at least the
beginning of the 20th century as part of the studies of theories of arithmetic. These math-
ematical studies concentrate on questions about the consistency and the completeness of the
theories of arithmetic. In particular these studies have provided negative results concerning
provability. Independently of the mathematical studies the principle of induction is studied in
computer science as part of the subject of automated inductive theorem proving. This subject
focuses on the development of procedures that find proofs by induction and their efficient im-
plementation. Automated inductive theorem proving is of particular relevance to the formal
verification of hardware and software. Moreover, it is also relevant to the development of proof
assistants, which may provide tools to prove lemmas automatically. The subject of automated
inductive theorem proving is characterized by a great variety of different approaches: cyclic
proofs [BGP12], enhancement of superposition provers [KP13], tree grammars [EH15], rippling
[BSVH+93], theory exploration [CJRS13], etc. Often these approaches were designed rather
independently of the formal mathematical frameworks for induction. Therefore the approaches
produced by the field of automated inductive theorem proving are not subject to the math-
ematical results about induction. Thus most approaches are only empirically studied and in
particular the only negative information about a given method that can be obtained is the
failure of a particular algorithm to prove certain statements.

Research Program

We aim at studying existing approaches to automated inductive theorem proving by applying
results from mathematical logic in order to gain a better understanding of the various methods
and to explore the relations between them. Thus our research aims in particular at answering
the following questions.

• What can a given method prove?

• Why does a given method work well?

• How do methods relate to each other?

The insights obtained by these studies may then help in guiding the design of new approaches
to automated inductive theorem proving.
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Clause Set Cycles

We currently focus on the analysis of the n-clause calculus. The n-clause calculus is an approach
to automated inductive theorem proving introduced by Kersani and Peltier in [KP13]. The n-
clause calculus enhances a superposition calculus by a cycle detection mechanism that allows to
detect inductive dependencies between inferred clauses. In order to study the n-clause calculus
we have introduced the notion of clause set cycles. Clause set cycles are a formalism that
captures the essence of the n-clause calculus by abstracting details, thus allowing for formal
studies of a family of approaches based on the enhancement of superposition provers.

In the following we will define the notion of clause set cycles and briefly outline the most
important results and conjectures.

Definition 1. A clause set cycle is a clause set C(n) such that C(0) |= and C(sn) |= C(n).

Definition 2. A formula F (n) is said to be refutable with clause set cycles if there exists a clause
set cycle C(n) and a natural number i, such that F (0) |=, . . . , F (i− 1) |=, and F (sin) |= C(n).

Clause set cycles represent arguments by infinite descent. Consequently, the notion of a
formula being refutable with clause set cycles is just the combination of an argument by infinite
descent and a case distinction. As of now we have described the set of sentences that are
refutable with respect to the quantifier-complexity of the induction invariants. Our first result
establishes an upper bound for the quantifier complexity of the induction captured by clause
set cycles.

Theorem 1. If a formula is refutable with clause set cycles, then it is refutable with Σ1-
induction.

The above result shows that approaches relying on clause set cycles, such as the n-clause
calculus, only capture a “weak” form of induction. This restriction is essentially due to the
clause normal form. The above result is complemented by the second result which states that
the upper bound is tight.

Theorem 2. There exists a formula that is refutable with clause set cycles, but which is not
refutable with quantifier-free induction.

We conjecture that clause set cycles do not entirely capture Σ1-induction and not even
quantifier-free induction.

Conjecture 1. There exists a formula that is refutable with quantifier-free induction but which
is not refutable with clause set cycles.

In particular we conjecture that the clause set consisting of the clauses x+0 = x, s(x+y) =
x+ s(y), and n+(n+n) = (n+n)+n is not refutable with clause set cycles. The intuition being
that a refutation of this clause set requires to generalize the clause n + (n + n) = (n + n) + n to
x + (x + n) = (x + x) + n which cannot be done with clause set cycles.
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