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Decision procedures for equational logic

Oriented term rewriting: (e.g. Maude) works well for groups,
monoids, semilattices (ACI)

Gentzen sequent systems: work well for lattices, residuated
lattices (with or without boundedness, commutativity,
integrality), Heyting algebras

Linear programming: (e.g. LPsolve) works well for abelian
lattice-ordered groups, MV-algebras

SAT-solvers: (e.g. MiniSAT) work well for Boolean algebras

SMT-solvers: (e.g. Z3, CVC4) work well for abelian
lattice-ordered groups, MV algebras, product algebras, Gödel
algebras, BL-algebras (new to me)



Exercises for tomorrow

Download Prover9/Mace4 and install it

Use it to (re)solve the 31 problems from yesterday

Download and install an SMT-solver, e.g. Z3 (MS Windows)
or CVC4 (Linux)

Write SMT-LIB2 input �les to check equations in abelian
`-groups, MV-algebras, Gödel algebras, product algebras and
BL-algebras



Automated Theorem Provers

Semidecision procedures; may not terminate on non-theorems

WaldmeisterII: Equational term rewriting, works well in
lattice ordered algebraic theories

can check if a quasiequation is derivable from equations

produces long but (semi)-readable proofs

Prover9/Mace4: Resolution theorem prover, works well in
signatures

with small number of operations and relations of low arity

can �nd �nite models with up to 10-20 elements

long proofs can be hard to understand



Decision procedure for �nitely generated varieties

A variety V is a class of algebras such that V = HSP(K) for
some class K

H(K) = {homomorphic images of members of K}

S(K) = {subalgebras of members of K}

P(K) = {direct products of members of K}

Birkho� (1935) proved that V is a variety i� V is de�nable by
some set of equations

V is �nitely generated if V = HSP(K) for some �nite set of
�nite algebras

Given such a set K = {A1, . . . ,An} what is an e�cient way to
check if an equation holds in V?



Model checking

For a logical formula ϕ and a �nite model M in the same
signature

a model checker is a tool designed to test M |= ϕ

Extend the signature so that there is a constant for every
element of M

The diagram of M is a set of all atomic formulas or negations
of atomic formulas that hold in M

If ϕ is �rst-order, check if diag(M) ` ϕ

Decidable since M is �nite; can be done e.g. in Prover9

In general model checkers use SAT-solvers or Boolean Decision
Diagrams



SAT-solvers

SAT stands for satis�ability of Boolean formulas

Given a Boolean formula ϕ with propositional variables
p1, . . . , pn

decide if there is an assignment h : {p1, . . . , pn} → {T ,F}
such that

h extended homomorphically to all formulas makes h(ϕ) = T

SAT was the �rst problem proved to be NP-complete

i.e., there is a nondeterministic Turing machine that decides
SAT in polynomial time and every other problem that can be
decided in nondeterministic polynomial time has a polynomial
time reduction to a SAT problem



In NP implies NP-�easy� in practice
A computational problem is in P (polynomial time) if there is
a polynomial p such that any instance of the problem with
input of size n can be solved by a deterministic Turing
machine in fewer than p(n) steps

It is in NP if the same de�nition holds with deterministic
replaced by nondeterministic

Currently the best algorithm for deciding instances of an
NP-complete problem takes exponential time

Most instances in practice do not have worst case behavior

Modern SAT-solvers can handle (some) problems with
thousands of variables even though 21000 ≈ 10300 is currently
an impossible number of steps for a computer

Currently ≈ 1024 steps can be done in a year



SMT for some non�nitely generated varieties

So testing equations in a �nitely generated variety is NP-�easy�

Using a SAT-solver still involves some translation since most
tools require the input as a Boolean formula in CNF

Using e.g. Prover9/Mace4 requires only the diagram
translation

Does not work if the generating algebra is in�nite (since the
diagram is an in�nite set of atomic formulas)

SMT stands for satis�ability modulo theories

Combines SAT-solving with other decision procedures for
fragments of �rst-order logic and arithmetic



Quanti�er-free decidable theories
SMT-solvers were developed in computer science for static
analysis of programs

Input is a (limited) choice of a decidable theory and a list of
Boolean combinations of atomic formulas in the signature of
this theory

QF_LRA quanti�er free linear real number arithmetic with
+,−, <,=

e.g. not(0 > x + y or x + y > 5) and (x + x − y − y = 1)

QF_RA like QF_LRA but also allows multiplication, division

SMT-solvers decide if there exists an assignment of real
numbers to the variables in the list of formulas such that all
the formulas are true in R; return assignment if it exists



How SMT-solvers work

Basic idea: replace atomic formulas by Boolean variables, call
a SAT-solver

if the Boolean formulas are not satis�able, return F

else use each possible Boolean assignment to generate a list of
linear atomic formulas and call a Linear Programming package

if an assignment is found, return it, but if none of the Boolean
assignments work, return F



SMT-solver input for abelian `-groups

Easy, the variety of abelian `-groups is generated by
(R,min,max,+,−, 0)

SMT_LIB2 is a standard LISP-like language for SMT-solver
input

;Testing abelian l-group equations in SMT
(set-logic QF_LRA)
(de�ne-fun wedge ((x Real) (y Real)) Real (ite (> x y) y x))
(de�ne-fun vee ((x Real) (y Real)) Real (ite (> x y) x y))
(declare-const x Real)
(declare-const y Real)
(assert (> (vee (+ x x) (+ y y)) (+ (vee x y) (vee x y))))
; test if (x + x) ∨ (y + y) ≤ (x ∨ y) + (x ∨ y) is an identity
(check-sat)



SMT-solver input for in�nitely-valued logics

The idea of using SMT-solvers for logics based on intervals of
the real numbers is from the following paper:

C. Ansótegui, M. Bo�ll, F. Manyà and M. Villaret, Building
automated theorem provers for in�nitely-valued logics with

satis�ability modulo theory solvers, in Proceedings, IEEE 42nd
International Symposium on Multiple-Valued Logic. ISMVL
2012, 25�30.

They give examples of SMT-LIB2 code for Lukasiewicz logic
and product logic



SMT-solver input for MV-algbras

The variety of MV-algebras is HSP(([0, 1],∧,∨, ·, 1, 0,→))

;Testing MV-algebra equations in SMT
(set-logic QF_LRA)
(de�ne-fun wedge ((x Real) (y Real)) Real (ite (> x y) y x))
(de�ne-fun vee ((x Real) (y Real)) Real (ite (> x y) x y))
(de�ne-fun oplus ((x Real) (y Real)) Real (wedge (+ x y) 1))
(de�ne-fun cdot ((x Real) (y Real)) Real (vee (- (+ x y) 1) 0))
(de�ne-fun neg ((x Real)) Real (- 1 x))
(de�ne-fun to ((x Real) (y Real)) Real (wedge 1 (- (+ 1 y) x)))
(declare-const x Real) (assert (<= 0 x)) (assert (<= x 1))
(declare-const y Real) (assert (<= 0 y)) (assert (<= y 1))
(assert (< (to (vee (cdot x x) (cdot y y)) (cdot (vee x y) (vee
x y))) 1))
; test if (x2 ∨ y 2)→ (x ∨ y)2 < 1 is satis�able
(check-sat)



Other standard Basic Logic algebras

For Gödel algebras rede�ne fusion as min(x,y).

(de�ne-fun cdot ((x Real) (y Real)) Real (ite (> x y) y x))

For product algebras use

(de�ne-fun cdot ((x Real) (y Real)) Real (ite (> x y) y x))
(declare-const x Real) (assert (<= x 0));
(declare-const x Real) (assert (<= x 0));

and do a translation to the formula that adds an extra variable
z (for bottom)

replacing variable x by x ∨ z and subterms s · t by s · t ∨ z

Prop 7.4 in Galatos, Tsinakis (2005) Generalized MV-algebras



Checking identities in BL-algebras

To decide propositional basic logic with an SMT-solver
requires the following result of Agliano Montagna 2003 (see
also Aguzzoli and Bova 2010).

Theorem

Let An =
⊕

n

i=0[0, 1] be the ordinal sum of n + 1 unit-interval

MV-algebras, and let Vn be the variety generated by all

n-generated BL-algebras. Then Vn = HSP(An), hence an

n-variable BL-identity holds in An if and only if it holds in all

BL-algebras.

By constructing the algebra An of the above result within the
SMT language, one obtains an e�ective means of checking
n-variable BL-identities.



Checking identities in BL-algebras
The universe for An is taken to be the interval [0, n + 1]
The de�nition of fusion and implication are

x · y =

{
max(x + y − 1− byc, bxc) if bxc = byc
min(x , y) otherwise

x → y =


n + 1 if x ≤ y

y if byc < bxc
min(1+ y − x + bxc, 1+ byc) otherwise

A straightforward SMT-LIB2 implementation of these
operations uses n + 1 cases, so the formula does become long
even for small values of n

Below we give the implementations for n = 1 and n = 2, which
can be used to check 1-variable and 2-variable BL-identities



Checking identities in BL-algebras
n = 1:
(de�ne-fun cdot ((x Real) (y Real)) Real (ite (and (< x 1) (<
y 1)) (vee (- (+ x y) 1) 0) (ite (and (>= x 1) (>= y 1)) (vee
(- (+ x y) 2) 1) (wedge x y) ) ) )

(de�ne-fun to ((x Real) (y Real)) Real (ite (<= x y) 2 (ite
(and (>= x 1) (< y 1)) y (wedge 1 (- (+ 1 y) x)) ) ) )

n = 2:
(de�ne-fun cdot ((x Real) (y Real)) Real (ite (and (< x 1) (<
y 1)) (vee (- (+ x y) 1) 0) (ite (and (>= x 1) (< x 2) (>= y
1) (< y 2)) (vee (- (+ x y) 2) 1) (ite (and (>= x 2) (>= y
2)) (vee (- (+ x y) 3) 2) (wedge x y)) )))

(de�ne-fun to ((x Real) (y Real)) Real (ite (<= x y) 3 (ite
(and (< x 1) (< y 1)) (+ (- 1 x) y) (ite (and (<= 1 x) (< x
2) (<= 1 y) (< y 2)) (+ (- 2 x) y) (ite (and (<= 2 x) (<= 2
y) ) (+ (- 3 x) y) y)))))



Automating the translation

A Python program is used to parse a LATEX BL-algebra identity

A SMT-LIB2 �le is generated using · and → of An

The python program then calls an SMT-solver with the �le as
input

The result is analyzed and the truth value is returned

If the identity fails, an assignment in [0, n] can be obtained

Demo



Reminder: Exercises for tomorrow

Download Prover9/Mace4 and install it

Use it to try (re)solving the 31 problems from yesterday

Download and install an SMT-solver, e.g. Z3 (MS Windows)
or CVC4 (Linux)

Write SMT-LIB2 input �les to check equations in abelian
`-groups, MV-algebras, Gödel algebras, product algebras and
BL-algebras
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